Abstract. Let V denote a given set of n points in the euclidean plane. A Steiner minimal tree for V is the shortest network (clearly, it has to be a tree) interconnecting V. Junctions of the network which are not in V are called Steiner points (those in V will be called regular points). A shortest tree interconnecting V without using any Steiner points is called a minimal tree. Let a(V) and p.(K) denote the lengths of a Steiner minimal tree and a minimal tree, respectively. Define p to be the greatest lower bound for the ratio o( V)/p.(V) over all V. We prove p > .8.
1. Introduction. Let V denote a given set of « points in the euclidean plane. A Steiner minimal tree for V is the shortest network (clearly, it has to be a tree) interconnecting V. Junctions of the network which are not in V are called Steiner points (those in V will be called regular points). A shortest tree interconnecting V without using any Steiner points is called a minimal tree. Let o(V) and ¡i(V) denote the lengths of a Steiner minimal tree and a minimal tree, respectively. Define p to be the greatest lower bound for the ratio a(V)/p(V) over all V. Gilbert and Pollak [2] conjectured that p = v/3~/2 s .866 and proved its truth for « = 3. Pollak [5] proved the conjecture for the case « = 4. For general «, Morse (see [3] ) proved that p > .5, Graham and Hwang [3] proved that p > 1/ J3 , Chung and Hwang [1] proved that p > [2v/3 + 2 -(7 + 2/3")]l/2 s .743. In this paper we give an elementary proof that p > .8. 2 . Some preliminary results. Let d(u, v) denote the euclidean distance between two points m and v, and for a set X of line segments let Lx denote the sum of their lengths.
We first observe that in proving a lower bound for p we can restrict our attention to Steiner minimal trees in which all regular points have degree one. For, if we know that p » a for all such trees, then p> a will follow in general, because any Steiner tree with regular points of degree greater than one can be broken at such points to form a collection of smaller trees in which all regular points have degree exactly one.
We now prove two technical lemmas that will be applied repeatedly in proving the main theorem. The following simple lemma from [1] Figure 1) , where A is a regular point, s and r are Steiner points, P is either a Steiner point or a regular point, d(A, s) > d(r, P), [A, X] is perpendicular to [P, X], and <$ Asr = <£ srP -<£ rPX = 120° (the three lines at a Steiner point in a Steiner minimal tree always form 120° angles [2] ). Note that this implies that [A, s] is parallel to [P, X]. Let the region As'r'P'X be the mirror reflection of the region AsrPX with respect to [A, X]. License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
Our second technical lemma takes a form that is particularly useful in induction proofs. Let S be a Steiner minimal tree for the set of regular points V. Regarding S simply as a collection of points in the plane, let S he partitioned into two sets S' and S -S'. Let t be a graph such that / U {S -S'] is a tree interconnecting V. Suppose the lines of t can be partitioned into i* (with vertex set V* E V) and / -i* at a regular point so that t* is nonempty and (t -t*) l)(S -S') is a tree interconnect- 
where the first inequality follows by assumption, the second is due to the fact that (t -t*) U (S -S') is a tree interconnecting V -{V D S'}, the third follows from the " inductive" assumption of the lemma, and the last follows because the union of t* and a minimal tree for V -{V O S'] must be a tree interconnecting V and having no Steiner point. D
We quote a result from [2] . Finally, we give a result which helps recognize a monotone increasing function. The proof makes use of the fact (b2 + bx + x2)x/2 > x + b/2 which is also frequently used elsewhere. Note that the numerator and the denominator are both monotone decreasing in y for 0 < y < 1. If for y *£ y < y we set y = y in the numerator and set y = y in the denominator and the ratio is still greater than .8, then /4(.95,1.11, y) > .8 for y «S y s£ y. For 0 < y < . Therefore we need only prove, for .64 < 1.11/3I/2 < y < 1, it*"* ...!.,) =-r311+3^-"+^^l/'-3.34211/2+[(4-3'/2)y2-1.11(2 S1/2)^ + 1.232l] > .8.
Again, the numerator and the denominator are both monotone increasing in y.
Hence for y =£ y < y, we will substitute y for y in the numerator, and y for y in the denominator. For .75 <y < 1, 
